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ALL LARGE-CARDINAL AXIOMS NOT KNOWN TO
BE INCONSISTENT WITH ZFC ARE JUSTIFIED
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Abstract. In other work we have outlined how, building on ideas
of Welch and Roberts, one can motivate believing in the exis-
tence of supercompact cardinals. After making this observation
we strove to formulate a justification for large-cardinal axioms of
greater strength, and arrived at a motivation for the existence of
Vopeˇnka scheme cardinals. This line of argument also led to the
conclusion that a theory B0(V0) described in a previous paper of
Victoria Marshall implies the existence of a Vopeˇnka scheme car-
dinal κ such that Vκ ≺ V (and therefore, in particular, a proper
class of extendible cardinals as well).
Marshall left as an open question whether her theory B0(V0),
whose consistency is implied by the existence of an almost huge
cardinal, implied the existence of supercompact or extendible car-
dinals. Here both questions are resolved positively. In the final
section we give an account of how one could plausibly motivate ev-
ery large-cardinal axiom not known to be inconsistent with choice
while stopping short of the point of inconsistency with choice.
1. Introduction
In [6], Luca Incurvati defines the scheme RPm,n as follows, for all
integers m,n such that 0 < m ≤ n. The schema RPm,n is defined to be
a schema of sentences in the nth-order language of set theory, where for
each well-formed formula φ in the nth-order language of set theory with
quantified variables of order at mostm and free variables A1, . . . Ak, the
universal closure of φ(A1, . . . Ak) =⇒ ∃αφ
Vα(Aα1 , . . . A
α
k ) is defined to
be one of the sentences in the schema, where Aα is defined to be A∩Vα
for second-order variables A, and Aα is defined to be {Bα | B ∈ A}
where A is a variable of order greater than the second order. This
completes the definition of the schema RPm,n.
For example, RP2,2+Extensionality+Foundation+Separation implies
ZF+ {proper class of Π1n-indescribables | n ∈ ω}.
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But, as was first observed by Reinhardt in [13], and the first explicit
proof of which was given by Tait in [12], RP1,3 is inconsistent. Tait
tried to resolve this by seeking to motivate restrictions on the formula
φ, but Koellner showed in [1] that even with these restrictions RP3,4
is inconsistent. In [1] Peter Koellner extensively examined the ques-
tion of which reflection principles might be intrinsically justified and
formulated a family of reflection principles which were special cases
of the ones proposed by Tait and which Koellner showed to be prov-
ably consistent relative to an ω-Erdo˝s cardinal. Koellner also made
the conjecture that all reflection principles which could be formulated
and plausibly argued to be intrinsically justified, would either prove
to be inconsistent or else provably consistent relative to κ(ω), the first
ω-Erdo˝s cardinal. I then attempted to take this line of investigation
further.
Formulating a notion of an α-reflective cardinal for ordinals α > 0
and seeking to motivate this along lines inspired by remarks in the work
of Tait, I showed in [7] that if κ is ω-reflective then Vκ satisfies RPm,n for
allm,n with some restrictions on φ slightly more restrictive than Tait’s
ones. And I showed that it is consistent relative to an ω-Erdo˝s cardinal
that there is a proper class of α-reflective cardinals for each α > 0. In
[8] I used similar ideas to motivate the idea of an extremely reflective
cardinal, also provably consistent relative to an ω-Erdo˝s cardinal, and
in fact equivalent to the property of being a remarkable cardinal.
Then the work of Sam Roberts [3] appeared seeking to answer Pe-
ter Koellner’s challenge to formulate an intrinsically justified reflection
principle of greater consistency strength than κ(ω). A similar attempt
had already been made by Philip Welch in [2], where a reflection princi-
ple in the second-order language of set theory was described implying
the existence of a proper class of Shelah cardinals (and therefore in
particular a proper class of measurable Woodin cardinals) and consis-
tent relative to a superstrong cardinal. Let us describe the reflection
principle discussed by Sam Roberts in [3].
To explain the reflection principle which Roberts formulates in [3],
let us begin by explaining the reflection principle that he calls R2. This
is an axiom schema in the second-order language of set theory. For each
formula φ(x1, x2, . . . xm, X1, X2, . . .Xn) in the second-order language of
set theory, there is an axiom asserting that if φ holds, then there exists
an ordinal α such that x1, x2, . . . xm ∈ Vα, and a “set-sized” family of
classes which contains the classes X1, X2, . . .Xn, which is itself coded
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for by a single class, and which is standard for Vα in the sense that every
subset X ⊆ Vα is such that some class in the family has intersection
with Vα equal to X , such that the formula φ still holds when the first-
order variables are relativised to Vα and the second-order variables
are relativised to the set-sized family of classes. This completes the
description of the axiom schema R2. Then Roberts extends the axiom
schema as follows. He extends the underlying language so as to include
a satisfaction predicate for the second-order language of set theory, and
then he extends the axiom schema so as to also include an axiom of
the kind described for every formula in this extended language, calling
this new axiom schema RS. Then he denotes by ZFC2S the result of
extending ZFC2 – being the same as ZFC except for having Separation
and Replacement as single second-order axioms and also having an
axiom schema of class comprehension for every formula in the second-
order language of set theory – by adding the usual Tarskian axioms
for the satisfaction predicate and extending the class comprehension
axiom schema to include axioms involving formulas in the extended
language. Then he proceeds to investigate the theory ZFC2S + RS.
This completes the description of the reflection principle which Roberts
considers. He shows that the theory ZFC2S + RS proves the existence
of a proper class of 1-extendible cardinals and is consistent relative to
a 2-extendible cardinal.
I have explored elsewhere the question of whether this reflection prin-
ciple is intrinsically justified, and have also described how this line of
thought could plausibly be taken further to motivate a reflection prin-
ciple equivalent to the existence of a supercompact cardinal. Let me
briefly explain how that can be done. Given a level Vκ, we can consider
structures of the form (Vκ, Vλ) with λ > κ and consider some formula φ
in a two-sorted language holding in such a structure relative to a certain
finite collection of parameters. It is natural to posit that there should
exist a “set-sized” reflecting structure, containing all the parameters,
whose first component is Vα for some α < κ and whose second compo-
nent is “set-sized” in the sense of having cardinality less than iκ and
furthermore such that the transitive collapse of the second component
is of the form Vβ for some β > α. (Here the collapsing map may not
be injective.) A level Vκ satisfies this form of reflection if and only if
κ is supercompact, as can be seen from Magidor’s characterisation of
supercompactness. Let us assume for the sake of argument, for the rest
of this paper, that these kinds of considerations can be taken as a good
motivation for the view that supercompact cardinals are intrinsically
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justified. Can one use further ideas to motivate large cardinals of still
greater strength being intrinsically justified?
In Section 2 I shall tell the story of how I followed a line of thought
seeking to find an intrinsic justification for extendible cardinals, build-
ing on these ideas, and arrived at a motivation for the existence of
Vopeˇnka scheme cardinals. This line of argument can be used to obtain
a proof that the theory B0(V0), defined in [10], implies the existence
of a Vopeˇnka scheme cardinal κ, such that Vκ ≺ V . In particular, the
theory B0(V0) implies the existence of a proper class of extendible car-
dinals. Marshall raised in [10] the question of whether B0(V0) implies
the existence of supercompact and extendible cardinals, and here both
questions are resolved positively. In Section 3 we try to use ideas based
on the Marshall’s paper to motivate all large cardinals not known to
be inconsistent with choice, but not the ones known to be inconsistent
with choice.
2. Vopeˇnka scheme cardinals
Suppose that κ is a supercompact cardinal. We define a normal
proper filter F on κ consisting of those X ⊆ κ such that, for some
δ ≥ κ, κ ∈ j(X) for every embedding j : V ≺ M witnessing the γ-
supercompactness of κ for a γ ≥ δ. This filter contains the set Xα,
consisting of all α-extendible cardinals less than κ, for each α < κ.
We want to find a sufficient condition for being able to conclude that⋂
α<κXα ∈ F , so that Vκ will be a model for the existence of a proper
class of extendible cardinals. Let us describe the theory B0(V0) of
Marshall’s paper [10].
It is a theory in the first-order language of set theory with the addi-
tional constant symbol V0. First, any axiom of ZFC, or its relativisation
to V0 is taken as an axiom. Also Extensionality and Foundation are
taken as axioms. And if φ is a formula with at least one free vari-
able x, which does not contain u or κ free, then φ(A) =⇒ ∃κ ∈
On∃u(u ∩ V0 = Rκ ∧ ∀x∀y(x, y ∈ u =⇒ [x, y] ∈ u) ∧ φ
V0(Au) is
taken as an axiom, where we define On to be the set of ordinals in V0,
Au = A ∩ u if A ∈ P(V0), and A
u = {xu : x ∈ A ∩ u} if A /∈ P(V0),
and [x, y] = x× {0} ∪ y × {1}. Clearly if Vρ is a model of B0(V0) with
the constant symbol V0 interpreted by Vκ, then κ is a supercompact
cardinal in Vρ with Vκ ≺ Vρ.
Theorem 2.1. Suppose that κ is a supercompact cardinal in Vρ with
Vκ ≺ Vρ and such that (Vκ, Vρ) is a model of B0(V0). Then Vκ is a model
for the assertion that there is a proper class of extendible cardinals.
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Proof. Suppose that X ∈ L1(Vκ) or X ∈ L2(Vκ), where we require X
to be parameter-free definable in the latter case. In either case, define
j(X) to be the element of L1(Vρ) or L2(Vρ) defined by the same formula
as the formula defining X , the choice of formula doesn’t matter.
For all X ∈ L1(Vκ), we have X ∈ F iff κ ∈ j(X), so that F ∩L1(Vκ)
is ordinal-definable in Vρ. And there is a normal proper filter F
′′ on
κ which is a parameter-free definable of L2(Vκ), such that 〈Xα | α <
κ〉 ⊆ F ′′ ⊆ F . Define a filter F ′ on ρ by F ′ := j(F ′′). F ′ is also a
normal proper filter, and j(Xα) ∈ F
′ for each α < κ, recalling that
when α < κ, the notation Xα denotes the set of α-extendible cardinals
less than κ. The assertion that for every X which is in F ′′ and ordinal-
definable in Vκ, κ ∈ j(X), is true relative to Vρ, and we are assuming
that (Vκ, Vρ) is a model of B0(V0). For a sufficiently large n > 0 we
can find a Y ∈ F such that for all δ1 < δ2 < κ with δ1, delta2 ∈ Y ,
we have Vδ1 ≺n Vδ2 ≺n Vκ. We can assume Y ⊆ ∆α<κXα and that
Y ∈ L1(Vκ). So if β ∈ Y then β ∈ Xα for all α < β. We want to claim
that Y can be chosen to satisfy all the previously stated hypotheses
together with the statement that even if β ′ < β, β ′ ∈ Y , we still have
β ′ ∈ Xα for all α < β. This is because we can choose Y in such a way
that whenever δ1 < δ2 < κ and δ1, δ2 ∈ Y there is a Σn-elementary
embedding j : Vδ2 ≺n Vκ with j(δ1) = δ2. Choosing n to be sufficiently
large will yield the desired statement. From this we get Y ⊆
⋂
α<κXα
and so
⋂
α<κXα is non-empty as claimed. Thus we get the desired
conclusion that κ is a limit of cardinals that are extendible in Vκ, in
fact we can even say C(n)-extendible in Vκ, rather than just extendible
in Vκ, for every n and so by results of [14] we conclude that κ is a
Vopeˇnka scheme cardinal. We have shown if (Vκ, Vρ) is a model for
B0(V0) then κ is a Vopeˇnka scheme cardinal with Vκ ≺ Vρ. 
This completes our description of our initial line of thought leading
to the conclusion that Vopeˇnka scheme cardinals are justified.
3. Justification for all large cardinals not known to be
inconsistent with ZFC
For the purpose of the argument discussed in this section, we will
need to present the definition of Marshall’s theory B0(V
0
0 , V
1
0 , . . . V
n−1
0 )
discussed in [10]. It is a theory in the first-order language of set theory
with constant symbols V 00 , V
1
0 , . . . V
n−1
0 . The axioms are the same as
for B0(V0) except that now the relativization of φ to V
k
0 for each axiom
φ of ZFC is taken as an axiom for all k such that 0 ≤ k < n. And the
reflection principle is now φ(A) =⇒ ∃κ ∈ On∃u(V 00 ∩u = Rκ∧(V
1
0 )
u =
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V 00 ∧ (V
2
0 )
u = V 10 ∧ . . . ∧ (V
n−1
0 )
u = V n−20 ∧ ∀x∀y(x, y ∈ u ≡ [x, y] ∈
u) ∧ φV
n−1
0 (Au), where On is the set of ordinals in V 00 . We can assume
that the axiom of extensionality occurs as a conjunct of φ(A) and
therefore speak of the embedding witnessing each instance of reflection,
and we shall do so in what follows.
We introduce the following definitions.
Definition 3.1. A cardinal κ is said to be an n-Marshall cardinal, for
an ordinal n ∈ ω such that n > 0, if there exist κ0 < κ1 < . . . < κn−1 <
κ such that to this finite sequence of ordinals corresponds a natural
model of B0(V
0
0 , V
1
0 , . . . V
n−1
0 ). A cardinal κ is said to be a 0-enormous
cardinal if it is an n-Marshall cardinal for every n ∈ ω \ {0}. (Note
that a 0-enormous cardinal is bounded above in consistency strength
by a totally huge cardinal.) A cardinal κ is said to be an α-enormous
cardinal, for an ordinal α > 0, if there exists a sequence 〈κβ : β < α〉
with κ0 = κ such that for all n > 0, either α > n and every sequence
of cardinals κβ0 < κβ1 < . . . < κβn−1 < κβn corresponds to a natural
model of B0(V
0
0 , V
1
0 , . . . V
n−1
0 ), or α ≤ n and for every sequence of
cardinals κβ0 < κβ1 < . . . < κβm with m ≤ n, there exist cardinal
ρ0 < ρ1 < . . . < ρn−m−1 < κ0, such that the sequence ρ0 < rho1 <
. . . < ρn−m−1 < κβ0 < κbeta1 < . . . < κβm corresponds to such a model.
Hugh Woodin has elsewhere defined an enormous cardinal to be a
cardinal κ such that there exist ordinals λ, γ such that κ < λ < γ
and Vκ ≺ Vλ ≺ Vγ and there is an elementary embedding j : Vλ+1 ≺
Vλ+1 with critical point κ. We shall eventually show that a cardinal
is enormous if and only if it is ω + 1-enormous. Our goal shall be to
show that ZFC+“κ is an ω + 1-enormous cardinal” implies the Vκ is a
model for the existence of a proper class of cardinals with the large-
cardinal property φ, for every large-cardinal property φ that has been
previously considered such that the existence of a cardinal with this
property is not known to be inconsistent with ZFC, with the exception
of the property of being an enormous cardinal.
So suppose that the sequence 〈κα : α ≤ ω〉 witnesses that κ := κ0
is an ω + 1=enormous cardinal. For each finite ordinal n > 0, the
sequence 〈Vκi+1 : i < n〉 can serve as the sequence 〈V
i
0 : i < n〉, in a
model for the theory B(V 00 , V
1
0 , . . . V
n−1
0 ), and the critical point of the
embedding witnessing each reflection axiom can always be chosen to
be κ0, and further, for each theory in the sequence one may choose an
embedding which witnesses reflection for all formulas simultaneously,
and these embeddings may be chosen so as to cohere with one another.
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Then all of these embeddings may be glued together to yield an
embedding j : Vλ ≺ Vλ where λ is the supremum of the κi’s. This
embedding (together with its image under iterates of its own extension
to Vλ+1) witnesses that each κi is an I3 cardinal.
Theorem 3.2. Assume ZFC+“κ0 is an ω+1=enormous cardinal” with
the notation 〈κi : i ≤ ω〉 as before. Let λ := sup{κi : i ∈ ω}, γ := κω,
and κ := κ0. Then Vκ ≺ Vλ ≺ Vγ, and Vκ is a model for the existence
of a proper class of I0 cardinals and also a proper class of each of the
large cardinals considered by Hugh Woodin in [15].
Proof. In fact, using the hypothesis Vκi ≺ Vγ, we get reflection for any
formula with parameters from anywhere in Vγ, even with rank greater
than or equal to λ, and we have embeddings witnessing the reflection of
the kind described in each theory B0(V
0
0 , V
1
0 , . . . V
n−1
0 ) for each n, with
the constant symbols V k0 interpreted by Vκk+1 for all integers k such that
0 ≤ k < n. Consider first the case of parameters from Vλ+1, in this case
for each n the same choice of embedding will work for all formulas, and
the family of restrictions of these embeddings to Vκn−1, where n is the
positive finite ordinal corresponding to the embedding, can all be glued
together to obtain an embedding with domain Vλ, and this determines
an embedding with domain Vλ+1. This embedding withnesses that κ is
an I1 cardinal, and in particular this embedding induces a unique ω-
huge embedding j : Vγ ≺Mγ with critical point κ. For a model K of ZF
such that Vλ+1 ∪ γ ⊆ K ⊆ Vγ , definable in Vγ from ordinals fixed by j,
in which every element is ordinal definable in Vγ from elements of Vλ+1,
and the same definition with ordinal parameters works relative to K
as well as Vγ, we can make use of the same argument using parameters
from K to obtain an embedding j : K ≺ K. So we see that we obtain
an embedding witnessing that κ is an I0 cardinal, and an embedding of
the kind described in Laver’s axiom and all the other axioms stronger
than I0 considered by Hugh Woodin in [15]. Moreover in each case we
obtain that in Vκ there is a proper class of cardinals δ which are the
critical point of such an embedding. This completes our argument that
from our stated assumption we obtain a model for every large-cardinal
axiom not known to be inconsistent with choice.

In this way, using ideas built on those in Marshall’s paper, one can
provide motivations for all large cardinals not known to be inconsistent
with choice, while still having principled reasons to stop short of the
point of inconsistency with choice.
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